Int J Theor Phys (2009) 48: 847-856
DOI 10.1007/s10773-008-9858-z

Further Study on the Conservation Laws
of Energy-Momentum Tensor Density for a Gravitational
System

Fang-Pei Chen

Received: 19 May 2008 / Accepted: 19 September 2008 / Published online: 8 October 2008
© Springer Science+Business Media, LLC 2008

Abstract The various methods to derive Einstein conservation laws and the relevant defin-
itions of energy-momentum tensor density for gravitational fields are studied in greater de-
tail. It is shown that these methods are all equivalent. The study on the identical and different
characteristics between Lorentz and Levi-Civita conservation laws and Einstein conserva-
tion laws is thoroughly explored. Whether gravitational waves carry the energy-momentum
is discussed and some new interpretations for the energy exchanges in the gravitational sys-
tems are given.
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1 Introduction

There exist the following two kinds of conservation laws of energy-momentum tensor den-
sity for a gravitational system [1-3]:

I. Lorentz and Levi-Civita conservation laws
ax—ﬂ(v _gT(ljl{l)a + —gT{é)a) =0 (H
v _gT(l[Ll/I)a t v _gT(‘(L?)a =0 2

II. Einstein conservation laws

d ~i
ax_“(v _gT(l/Lv])a + _gt(cl)a) =0 3)
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In (1), \/=gT(y;, is the energy-momentum tensor density for matter field, /=g75;),
is the energy-momentum tensor density for gravitational field; and \/—_gT(‘(‘;)a relates to
V=8T /1 by (2). In (3), /=T, is also the energy-momentum tensor density for matter
field, which has the same definition as in (1); \/—_gz(NG’;a is the energy-momentum pseudo
tensor density for gravitational field, which is not tensor density! The relationship between
V=81, of 3) and \/=gT,5;,, of (1) can be determined by the Lagrangian density of grav-
itational field »/—g(x)L¢ (x). For example, if the Lagrangian density of gravitational field
is the generalized Einstein’s Lagrangian density

V=8 Lg(x) =/ =8X)L[8uv (X): 8uva (X); Guv,ro (X)] “

(where the metric tensor g, is used as the dynamical gravitational field ), there exists the
relation [2]:

0 d d
~ B B B
V=816 =V=8T(6)a — M—ﬁ“/fcm <ax_/’3ul(tc)0l = _ax_ﬁu(g)a> 5

where u?’G‘)a = 3%, (2ska) 8va)- If the Lagrangian density of gravitational field /—g(x) X

08v). o
L (x) is different from (4), the definition of u(kg)a is different from that in (5) [1, 3].

Equation (4) is a simple Lagrangian density of gravitational field which is close to the
original formulation of general relativity. For the sake of simplicity, we shall use (4) as the
Lagrangian density of gravitational field in this paper. For more complicated cases, please
refer to [1, 3].

Many general characters and peculiarities of (1) and (3) have been described and dis-
cussed in [1-3]. In this paper we shall discuss some other characters and peculiarities
of (1) and (3) which was not discussed in [1-3] yet. The main topics to be discussed
are:

(1) It will be shown that the various methods to derive Einstein conservation laws are equiv-
alent, and the identical and different characteristics between Lorentz and Levi-Civita
conservation laws and Einstein conservation laws will be explored thoroughly.

(2) Whether the gravitational waves carry the energy-momentum is discussed, and some
new interpretations for the energy exchanges in the gravitational systems are given.

2 The Equivalence of Various Methods to Derive Einstein Conservation Laws

In this section we shall let the Lagrangian density of matter field and gravitational field
be V=g(x)Ly(x) = /=g Ly[¥(x); Y1 (x); 8uv(X); gpuva (¥)] and /—g(x)Lg(x) =
V=8 LGguv(X); 8, (X): uvao (x)] respectively, and use Einstein field equations
—8g(R" — %g"“R) = —8m GJ—_gT(’;})) as the gravitational field equations. The energy-
momentum tensor density of matter field is always defined as [2, 4, 5]

fary P LI, :2<3(—«/—5’LM) _ ia(—v—gw)gm ©)

5g;w 8g;4u axk aguv.k

But there are different definitions of energy-momentum tensor density for gravitational field.
For Lorentz and Levi-Civita conservation laws, the energy-momentum tensor density of
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gravitational field is defined as [1-3]

va

s 1 2
Ga —

88uv
:2(8(\/_—ch) 0 3(J/=gLe)
aguv axk 8guu,k

32 a(J/—¢L
V=g G))gw )

IxX*9x° g0

: S(/=8Ly+v=gLlg) _ n -
Owing to B T 0, there must have /=g Ty, + ~/—8T(g), = 0.
As for Einstein conservation laws, there are various methods to derive it In[1, 2] we use

the symmetry of the Lagranglan density to obtain the conservation laws 57 0 (J—gTh e +
V=8t = 0; where /=gt is defined by

N - 51— a(/—¢gLs) _ 9(J/—¢gLo)

v,a 8pv,oa
(@ 8pv,u ? 8gpv.ua ?
d [(d(/—gLg)
a0 76 gpv,ot (8)
9x° 980 10

; ~i 8 B B B _ B
and there are the relations /=g7¢\, = v=8T(6)s = 574G (5P U Gre = — axﬁ”(G)oz) In

some gravitational theory text books [4-6], Elnstem field equations and/or Bianchi identities
are used to derive Einstein conservation laws. There are three different methods listed below.

2.1 The Method Used in the Text Book “The Theory of Relativity” [6] Written by Moller

From Bianchi identities, we have [5-7]

9 1 Bg,w v
(\/ _gT(l;/[)a);u. = ax—u(\/ _gT(l;/[)a) - E\/ a « T(l&) =0 (9)
Owing to S(C:‘G) —3/=8T/y)» we obtain
8g/w ag v 8(V _gLG)
/= THY — oK
M) 7Gx 88y
_ 98w (3/=8Le) & 9(/=8Lo)
dxe 98uv ax* g

9 8(\/_gLG)) (10)

0x*0x° 08,10

here we have adopted /—g(x)Lg (x) = /—8(X)Lgguv(X); 8w a(X); §uvo (x)] as the La-
grangian density of gravitational field. After some calculations and using the definition (8),
(10) can be transformed into
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8g E—
_‘V v T
0 »  0(v/—gLc) 9(/—gLc)
= _A v _gLGSO( - 78#\),0{ - 78#1),00{

0x 3g,w,x 88;”,)@
i(a(«/—gLa)>g )
dx aguv Lo e
(~/ 81Gha) (11)

From (9) and (11) Einstein conservation laws -2 9){ 7 (V=8T o +~/—81)y) = 0 are obtained
immediately.

2.2 The Method Used in the Text Book “The Classical Theory of Fields” [4] Written by
Landau and Lifshitz

The starting point of this method is Bianchi identities and Einstein field equations i.e. G*¥ =
(R*Y — %g‘“’R) = —871GT(';;). If we choose a geodesic coordinate system [7], then (9) will
reduc? to a;’ﬂ (T(‘,L)a) =0, or iI.I contravariant components afu (T(%) = 0. In the geodesic
coordinate system one can obtain

1 0 1 0
Totﬁ — _ aff v _ jay ,38
162G 8xV{( ) 0 51(=8) (&g —¢ )]}
1 0 1 0
= — — — af v8 _ oy BS 12
16nGaxV{¢_a V—g(g™g" —g"¢ )]} (12)
Introducing the quantities [4]
1
heby — af vs _ g% ﬁS 13
162G 920 [( 8)(g"g )] (13)

which are skew-symmetric in their 1ndlces Band y; T, ( M) satisfying 7 (T(%) =0 can be
written in the form [4] 3;’17 = (9T ( M) If we choose an arbitrary coordinate system,
Y 4 (—g)T ; M), the difference between the left-hand side and the right-hand side may be

axY
*aff

denoted by (— g)t(G) :

o dheBY o
(—9)g) = —— = (=T, (14)
From (14) we obtain conservation laws
d of xoff
ax—ﬁ[(_g)(T(M) +t(G) )] =0 (15)

immediately; t(*gf is interpreted as the energy-momentum pseudo tensor of the gravitational
field [4].

It must be noted that e ,3 [(—g)(T5 M) + t(aﬁ)] =0 and P /3 [/— (T(M) + I(G) )] =0 are
not same in form. But by using the same method of Landau and Lifshitz we can obtain other
conservation laws. Introducing the quantities

WP = Gaxaw_ 8(g"g” — g g")] (16)
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which are also skew-symmetric in their indices 8 and y. h**#7 is connected with h*f? by
the relation

sy _ (aa/_

167G\ dx? )d_ (88" — gg™) + v/=gh™ (17

From (12, 16) we note that T(% satisffying BB,L (T(%) =0 in the geodesic coordinate system
3h Hapy

can be also written in the form =./- ( M) If we choose an arbitrary coordinate

system, Bhwy #* /- gT(‘flf); the d1fference between the left-hand side and the right-hand

axY

side may be denoted by /— gt(#g‘)"3 :

tap JhteBy

V—8lg) = - V=eTy), (18)

From (18) we immediately obtain conservation laws
w ST + 1] =0 (19)

. f) of ap
these conservation laws are the same form as W[“/_ (T(M) + t(G) )=
From (13, 16) and (14, 17), after some calculations, it is not difficult to get

#
VR )
dhteby 1 9hebr

axv _4/—g axv

anfr 1 9 [ 1 3(4/_)
= - /_ af ,vd ay ,Bé
o T = 8xV{167rG|: ] 878" — 88 )}

1
BN y(\/_ #apry

b0 1 O8] s, v g7 gh?
= aw{mw[ ax0 ]V 8(s™ g — 88"
1 8(\/_) #oc/fiy
INEEETT

Equations (15) and (19) all are derived by the method of Landau and Lifshitz; and (15)
is related to (19) through (17) and (20); hence these two conservation laws are equivalent.
Since a% [(—g)(T(OI‘\f) +1c “ﬂ)] 0 and aﬁﬁ «/—g(T(O;f) +t(z;°;’3)] 0 are not same in form, but
M%[A/—g(T(‘f\f;) +1c aﬂ)] 0 are the same form as axLﬂ[“/—g( on e aﬂ)] 0; we shall only
discuss aaﬂ N (T(‘j’\fj) + tfgf)] =0 in this paper. 4/—gt(#G) and /— t(G°;’3 are connected

~q #afr #afr F #ak,
by the relation /— t(G) «/—gt(G)‘8 ai/ w(Gf; , " = aﬁ w(G)ﬂ, so that
Ve t(#gf and /— t(G) have the relation of equivalent class [ , 8].

(20)

2.3 The Method of Weinberg

Weinberg had derived a conservation law in his book “Gravitation and Cosmology” [5], but
the procession of his derivation is incomplete and not exact because he made the left hand
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side of the used field equations linearization but not made its right hand side linearization.
In this paper, we shall make some changes in the derivation.
The starting point of this method is also Bianchi identities

08,
(V=8G) = —(J_ G“)——F S =0 1)

and Einstein field equations: G* = (R*¥ — 1 g‘“’R) —SnGT(‘;;) If we choose a geodesic

coordinate system, then (21) will reduce to ')x“ (G#) =0, or in contravariant components

dx 7 (G**) = 0. In the geodesic coordinate system one can obtain

1 9 1
Gaﬂ: - af _yé ay  BS

2 o7 {( g)axﬁ[( 8)(g™g"" — g™ g™l

19 1 aB v ay /35
AN 5[\/ g(g"g" —¢ )] (22)

Introducing the quantities
apy _ 1 9 o yvd _ juy b
AT =5 o5 V—8(8™ 8" —g"g™)] (23)

which are skew-symmetric in their indices 8 and y; G*# satisfying 5 (G"‘") =0 can be
written in the form 222 — /=¢G*_ Let \/—gGV% = ‘)HQM . If we choose an arbitrary

axV

coordinate system, ag;ﬂiv # /—gG* . Defining

o V=8 ~q a,
V=gl = 36 C P — Gy (24)
then the Einstein field equations G* = —871GT (m) can be rewritten as
V=8(G —8a G5y = -8 G/=g (T, + 1)) (25)

Owing to /—g(G*f —8x Gt(Ag)ﬂ) =/ —gGW = %, from (25) we obtain conservation
laws

0
ax—ﬁw—g(rgf) +1 50 = (26)

immediately; t&f’)ﬁ is interpreted as the energy-momentum pseudo tensor of the gravitational
field [5]. We see that 935 [/~ (T(‘;’;) +1ig “ﬂ)] 0 are the same form as 9—5[4/ (T(‘;f)
t(G)’B)] =0. /- t(G) and /— t(G) are connected by the relation /— t(G) =.J- t(Go;ﬂ +

I IAC.7:28 Aafr ] AaAp
ST W »Where —w(G) =—35 Wy ;sothat/— t(c) and /— t(c) have the relation
of equivalent class also [2, 8].
On the surface, the above methods for the derivation of Einstein conservation laws and
the relevant definitions of energy-momentum tensor density for gravitational field are dis-

similar from each other, but in essence they are all equivalent.
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3 The Influences of Conservation Laws upon the Characteristics of the Gravitational
Waves

In this section we shall study the influences both of Lorentz and Levi-Civita conservation
laws and Einstein conservation laws upon the characteristics of the gravitational waves.

3.1 If Lorentz and Levi-Civita Conservation Laws Are Correct

The relation /— T(’,';,,)a(x) + /= T(’é;)a(x) = 0 must exist; hence a/—gT((,)w)o(x) +
V- (G)O(x) =0, /— M)O(x) + /= G)O(x) =0. From (1) we get:

__/(‘/ T(M)O(x)dl_"/ T((;)o(x))dv

—c 7% (V8T i) + /=8 Ty (1)), @7)

The left hand side of (27) represents the variation rate of the total energy in the volume V;
the right hand side of (27) represents the total momentum current across the closed surface
S which surrounds the volume V. Evidently

0
- f (VBT 0(0) + V8T o))V =0, 28)
\%4
and
c yi (V=8 T (0) + V=8 Tigy0(1)dS; =0 29)

These two relations indicate that the total energy in the volume V does not change and the
total momentum current across the closed surface S is always zero.

3.2 If Einstein Conservation Laws are Correct

As we have shown above, there are three different forms for Elnstein conservation laws
s V=8 (TG, + 161 =0, 75 [V=8 TGy, + 1(g))] = At (T<aMﬁ) +t< o)1=

Since they are all equivalent in essence, we will treat only - aﬁ [v/— ( M) + t(G> )] =0in
the following.
Since there are the relations

A\ _gT<//J{/l)a t v _gt(NGl;a
d
/—¢T Vo np
(M)a + T(%)a T 9xP M(G)a

d Mﬁ d ﬂu
“axp 1@\ T Gy O

we have

V=8T o+ =815y = T oxh Lo
V=8Tw0 + V=810 = 3.8 o0
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From (3) we get:
/ (W= T(M)()(x) + /= t(G)o(x))dV

=C %(V T(M)o(x) + \/_t(G)o(x))dS (30)

Owing to 5 ufg)a = da i ufg)a, the following relations can be derived:

/ - T(M)o(x) + - t((;)o(x))dv =0 (31

f(«/ 8T (0 () + /=810 (1))dS; =0 (32)

These two relations also indicate that, for Einstein conservation laws, the total energy in the
volume V' does not change and the total momentum current across the closed surface S is
still always zero.

3.3 The Changes and the Transformations of Energy in a Gravitational System when
Gravitational Waves Exist

From the above analysis for Lorentz conservation laws and Einstein conservation laws, we
see that no matter which conservation laws are correct, the gravitational energy and mo-
mentum do not spread in a gravitational system. But gravitational waves should exist, this
is because: according to Einstein field equations /—g(R"" — %g“"R) =—-81G./—¢ T(’;,,”),
when the energy-momentum tensor density J—_gT(’,;’> of the wave source is changed for
some causes (such as supernova explosions, orbital change of binary pulsar, etc.), the curva-
ture of space-time in the neighboring regions of the source would change subsequently, the
essential cause is the change of metric tensor field g,, (x). Since the characteristic equation
of Einstein field equations is the same equation as the characteristic equation of D’ Alembert
equation [9], and the characteristic equation of D’ Alembert equation indicate the law of
propagation for wave front; therefore the changes of the metric tensor field g, (x) and the
curvature of space-time must also propagate with the speed of light from the wave source to
far distance. Then the gravitational waves are created.

We must point out that although the gravitational waves do not bring energy and mo-
mentum spread, however within the gravitational system there are still energy changes and
energy transformations. As an example to interpret this problem, below we shall discuss the
energy changes and energy transformations of a Weber cylinder when it receives gravita-
tional waves.

There are different kinds of matter field energy for the Weber cylinder, they include the
gravitational potential energy of this cylinder T° 2 M)O(TOE a0 Should be one kind of matter
field energy [10]), the vibration energy of this cylinder TO?M)O, and the thermal energy of
this cylinder TO?M)O, etc. Then we have T(M)0 = TO(IM)O + TOfM)O + TO?M)O +- ... When grav-
itational waves come, metric tensor field and the curvature of space-time in the neighboring
regions of the Weber cylinder will change; therefore the energy of free gravitational field

T&y0 OF 1) in the neighboring regions of this cylinder will change subsequently. From
(28) or (31), we obtain:
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el
- /V (V8T (a0 ) + V=BT "0 )

BT 0 () + -+ /=g TS 0 (x)dV =0 (33)

or

0
% / (v —gTo(lM)o(x) +«/‘8TO?M)0(X)

+ V=BT () + -+ /=B ())dV =0 (34)

where V is the volume of the Weber cylinder. Equation (33) and (34) tell us that when
gravitational waves come, the matter field energy of the Weber cylinder T((,’w)0 will also
change. Equation (33) can be transformed into

0
o /V (V=gT (0 )V

d
_gf‘,(v_gTO(lMW(x)+V_gTO?M)0(x)+"'+ ’—gT(OG)O(x))dV (35)

and (34) can be transformed into

d
E/(J—_gTO?M)o(X))dV

/ - T (M)O(x) + - TO(M)()(X) +o V- t(c)o(x))dv (36)

Equation (35) (or (36)) shows that the increase of the vibration energy of Weber cylinder
accounts for the decreases of the gravitational potential energy of Weber cylinder and the
thermal energy of Weber cylinder and the energy of free gravitational field T(OG)0 (or t(~G())0).

4 The Characteristics of Lorentz and Levi-Civita Conservation Laws Differ from
that of Einstein Conservation Laws

In Sect. 3 we talked about the identical characteristics of the Lorenz and Levi-Civita con-
servation laws and the Einstein conservation laws. But there are different characteristics in
these two conservation laws: Lorenz and Levi-Civita conservation laws affirm that the sum
of the energy-momentum tensor density for the matter field and the energy momentum ten-
sor density for the gravitational field are equal to zero, i.e. \/—gT/, e T =Tl e =0
Einstein conservation laws affirm that the sum of the energy-momentum tensor density for
the matter field and the energy-momentum tensor density for the gravitational field are not
equal to zero, and are

a )
~ee up B
V=8T\e + V=81 Gra = Tonf (G)ot( (G)a)

oxP

constantly.
When Lorenz and Levi-Civita conservation laws are correct, under certain conditions,
some positive energy of matter field and some negative energy of gravitational field might
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annihilate mutually to zero energy. This possibility could be used as an argument to establish
the hypothesis that the event horizon might not appear and the black hole could not be
formed [11]. Under other conditions, some positive energy of matter field and some negative
energy of gravitational field might be produced from zero energy. This possibility could be
used as an argument to establish the hypotheses that the ‘big bang’ might not exist and that
the positive energy of matter field might be created with the negative energy of gravitational
field from zero energy [1]. These hypotheses will lead to some observable phenomena which
could be tested by future experiments and observations.

When Einstein conservation laws are correct, the above hypotheses and the observable
phenomena led by them will not exist. So from whether or not these observable phenomena
exist, we can judge which conservation laws are correct.

Although which conservation laws are correct must be ultimately determined by observ-
able and experimental results; but based on theoretical analysis, we can also make some
deductions.

/=81y 1s a pseudo tensor density, it and the Einstein conservation laws Ba z[vV—¢ (T(‘;f)

+ t(G)ﬂ )] = 0 all lack the invariant character which should have in the spirit of general relativ-

ity. In addition, \/=g7,,, is a multivalued quantrty V=8I OF =81y — 52z VA (VI
are any function which satisfy ad Vi = — V“) all can be regarded as energy-
momentum pseudo tensor density for the grav1tatlonal field. But /=gT/y, is a tensor
densrty and is a single valued quantity, it and the Lorenz and LeV1 C1V1ta conservation laws
72 (V8T e + V=81 (6)0) =0 and /=g T}y, + =815, = 0 all have the invari-
ant character. Obviously the Lorenz and Levi- Clvrta conservatlon laws are better than the
Einstein conservation laws on scientific logic.
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